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Particle models of plasma
Calculation of force
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|
Particle modeling - introduction

Modeling the motion N, of particles with consideration of mutual force interaction
Solving equations

Eq. of motion

dr,- dV,‘
— =V = aj; i=1...N
dt ! dt ! P
Force interaction
1
aj=—F;
m v

@ Astrophysics - motion of stars in the galaxy - gravity

@ Molecular dynamics - atoms in molecules / molecules in matter — Lennard Jones and more
complex potentials

@ Plasma modeling - charged particles in plasma - electrostatic interaction
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Particle modeling - introduction

Usually we are not interested in exact trajectories, but in statistical description
Thus, the exact description is the Boltzmann kinetic equation

of of
§+VVf+avvf—ﬂ

Can be interpreted as a Monte-Carlo solution of the Boltzmann equation - random sampling of
the distribution function using “particles,,

NP
fF(rov,t) =Y o(r—ri)s(v —v;)
i=1
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Force calculation methods

Equivalent to the calculation of the potential: F = —-VV

e Typically two-particle potential

|Poééteém’ pozice r; |

NP
—| Vypocet sily F=-vV | V(r) = Z; Va(r — r;)
¥ P
[Pohyb eastic FO-r(t+A0] o Possible multi-particle interactions - polarization
—

@ Usually many particles (Ns) in one superparticle
@ Especially for elstat interaction, V = g¢

Ap = —p/eo (1)

@ The goal is to efficiently solve Poisson’s equation (1).
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Method classification |

PP - particle-particle
@ Direct calculation of potential or force
Fi=)_ S K =T

oy 4reg rﬂ |rjil

@ Equivalent solution of Poisson's eq. by Green's function method
F=—avo; o(r)= [ Glr—r)olr)ar

o Computationally demanding — O(N,z,)
e Suitable for short-range forces O(N,)
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Method classification 1l

PM - particle-mesh

@ Calculation of the potential on the lattice by methods for solving PDE

@ PIC method — Particle-In-Cell

Spojity prostor Vzorkovani

Diskrétni mriz

Pohyb ¢4stic Vypocet p;

Monte Carlo srazky
r(t)-r(t+At) Interpolace

<—| Vypocet F(x) 14—

Reseni Poissonovy rce
(A@)=-pjl€o
Vypocet gradientu

@ Spatial resolution determined by weight functions W

@ Convolution methods
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Method classification Il

P3M - particle-particle—particle-mesh

Ewald summation

Splitting the interaction into short-range and long-range “smooth, components

f = fsr+ f‘lr

Short-range force - just add up the contributions of the surrounding particles

Long-range force - just add up the low-frequency terms Fourier series - coarse lattice

Ex.: Finite-size particles
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N
Method classification |V

Tree (hierarchical) algorithms
Barnes-Hut and fast multipole method (FMM)

@ Particles stored in tree leaves

@ Nearby particles are counted exactly

o Distant particles only approximately in groups - parent nodes of the tree
@ Barnes-Hut - each node has only a “center of gravity, O(N, log(Np))

e FMM - multipole potential expansion at each point O(N,)
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Barnes-Hut tree algorithm
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Barnes-Hut

Data structure Example: 2D Barnes-Hut

1D Binary tree @ Tree root - work area

2D Quadtree @ 4 children of a node - 4 quadrants of a
3D Octree given area
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Tree construction

@ Tree shape determined by particle distribution
@ Each leaf contains at most one particle

@ Each node contains information about its mass and the position of its center of mass

—
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Force calculation |

@ Starting from the root

o If Node size s/ node distance d > 0 =
e Calculate forces from its descendants

@ Otherwise calculate force from the node's center of gravity

S

—-

mE

d
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Force calculation Il

Accuracy determined by parameter 6 (opening angle):

@ 0 =1 original Barnes-Hut

@ 0 — 0 converges to direct calculation byPP algorithm

When using macroparticles, “softening”,, force interaction - smoothing: 1 particle ~ star cluster
e Potential 1/r — 1/4/r? + €2, particle of radius €
@ Prevents the formation of unphysical “binaries,

@ Reduces unphysical heating

S

[

d
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Remarks

[x|—00

e Natural are “open,, boundary conditions: ¢(x) 0

@ Other boundary conditions - complicated, but possible with the use of fictitious charges
and boundary dipoles - boundary integral

e Computational complexity O(N, log(N,))

@ Fast multipole method stores more information at each node - multipole potential

expansion - complexity O(Np)
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PM particle-mesh algorithms (PIC)
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Reminding Particle-In-Cell

@ Discretization in position space — particles have effectively finite dimensions given by the

weight function

@ There can be different dimensions of the model in positions and velocities, e.g. 1D1V,

1D3V, 2D3V,...

Spojity prostor Vzorkovani Diskrétni mriz
Pohyb &astic —'[ Vypocet p; |—> Redeni Poissonovy rce
Monte Carlo srazky (B9)j=-pjl€o
F(t)=r(t+At) Interpolace Vypocet gradientu

<—| Vypocet F(x) ]<— Ej=-(VU);

Terminologie
Lattice dimension d

Number of lattice nodes N, = n
Number of plasma particles Nyjasma

Number of particles in the simulation

Stépan Roucka (MFF UK)

d

@ Node spacing h
@ Cell volume V,,

@ Unit matrix /
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Example: 1D PIC algorithm for force calculation

e Sampling p(x) — pi

@ Poisson equation

@ Interpolation

Stépan Roucka (MFF UK)

W, o
p? = 7: Z qkssamp(xli7 — Xi)
k=1

D2l g

h? €0
{7+1 — 97 1
EP = 1=  Ti=2
! h
Ng
F(X/’<1) = gk Z Sinter(X/’g - Xi)Ein
i=1
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- |
PIC algorithm - Weight (shape) functions

Weight function hierarchy W = N(x/h) * S(x)
Rectangular function MN(x) =1 for x € [-1/2,1/2], otherwise 0

NGP
o Nearest grid point (NGP)
X | | |
W(x)=n (%) U A
@ Cloud in cell (CIC) C'C/\
1 X X
— — — — |
W(X)_h”<h>*”<h> o h
@ Triangular shaped cloud (TSC) e

- En(@)en()en() 7 N
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PM algorithm - Weighting function selection

We require conservation of momentum: Fof =0, F1o = —F1 =
@ Same scheme for interpolation and sampling Weamp = Winter
@ Symmetric difference scheme for approximation of derivatives
@ Higher order functions have lower resolution and less noise
Alternatively - finite element method (Minimization of action)
@ Higher order functions for sampling than for interpolation

@ Exact conservation of energy, but does not conserve momentum
o Particle acts on itself
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|
PIC algorithm - boundary conditions

@ Conductor

e Dirichlet's B.C. for potential
o Neutralizes/absorbs charged particles
e circuit simulation

oy

Plasma

e PI asma b surface charge —

e Can be Dirichlet B.C.for potential
e Injection of charged particles - from a known distribution or
from an independent volume simulation
o Can be realized with mirror or periodic conditions
@ Dielectric

o Floating potential
e Accumulation of charged particles on a surface

[Birdsall 1991]
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|
PIC algorithm - diagnostics

3« ~
SNR—
1=

=

oy

Plasma

@ Cannot record complete model development
@ Required to specify monitored quantities in advance
o Particle fluxes through selected areas - e.g. current per

electrode S . Vorly L R c
o Velocity / energy distributions in selected regions
o Snapshots / simulation images - complete state of the system
at selected times

L surface charge —

[Birdsall 1991]
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PIC algorithm - Further comments

Collisions with neutrals - MC simulation, continuous background concentration
Coulombic collisions of charged particles - mutual, local
Use of symmetry - calculations in cylindrical / spherical coordinates.

Electromagnetic codes - full solution of MXW equations unlike elstat above
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Solving Poisson equation

o We consider the finite difference method

Gi-1—2¢i + diy1 _ pi

h? e
@ Can be written as KU = F
p1 ¢o
21 $1
1 21 2| K| " 0
12y : € | pn_s o
PN PN PN+1
@ In 2D block matrix Kop
K=21 I Uy F
I K=2I1 U B F2
LI K=21 N
I K-=21 U, Fn
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General methods: direct / iterative

Gaussian elimination
@ Only applicable in 1D - Thomas algorithm O(Nj)
e In 2D - difficulty O(Ng) - unsuitable
Relaxation methods
e Initial guess ¢°
@ Jacobi method (J)

n+1 _ ¢i1 + ¢:,‘1+1 h2pi
o= 2 + 2¢0
e Gauss Seidel method (GS)

11
oL = 7 + By n h?p;
! 2 2¢0

Stépan Roucka (MFF UK) Modern Computational Physics | (NEVF160) Winter 2024 25 /46



The principle of the relaxation method

@ System KU = F, preconditioner P =~ K

@ P such that it can be inverted, Jacobi - diagonal, GS - lower triangle
PU=(P-K)U+F
e Iteration (iteration matrix M = P~1(P — K))
PUipr = (P = K)Uk + F

Ukr1 = MU, + P1F

@ Error reduction ¢, = U — Uy:
Pek+1 = (P — K)ek

ex+1 = Mey

@ The method converges if the spectral radius p(M) < 1
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Successive over-relaxation (SOR) |

Both Jacobi and GS are slow - number of iterations ~ Ngg/d

Successive OverRelaxation - SOR

Relaxation can be accelerated by increasing the relaxation step by a factor of w

i—1— 207 + ¢ i P
2 2¢g

Bt = g7 — wr

Option w - Chebyshev acceleration
w® =1
WD) = 1/(1- ?/2)
WPH12) = 1/(1 = PO a)
W) = 2/(1+ V1 p?)
Modern Computational Physics | (NEVF160) Winter 2024 2746

o Checkerboard pattern (odd-even ordering)
o Spectral radius (J) p = cos(w/n)

e Prevents init. overshoot



Successive over-relaxation (SOR) I

@ Number of iterations needed ~ Nglr/d

@ By overcorrecting from xj to xx,1, hand calculators noticed that they could finish in a few
weeks.

o Still slow, but already usable for 2D PIC, where a good computational estimate is available.
Block methods

@ Successive Line OverRelaxation - SLOR

@ Instead of a point, it solves the entire line (or several lines) at once (Thomas’ algorithm)

@ Acceleration of convergence by a small constant factor ~ 2
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Cyclic reduction

@ Unlike previous methods, it uses special properties of the Poisson equation
@ 1D example - equations for 3 neighboring points
bi2 — 201+ = Fi_1 (a)
Gi-1—2¢; + Pit1 =Fi (b)
¢i — 2¢it1 + Pit2 = Fit1 (<)

By adding the lines (a) + 2 x (b) + (c) we get

Pi—2 —2¢; + Pir2 = Fi1 +2Fi + Fiq

We reduce the number of equations by half

The reduced equations have the same form and the reduction can be repeated
Difficulty O(Ng log(Ng))
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|
Cyclic reduction 2D

@ The same procedure can be applied to a block matrix in 2D
Al Uy F1
U F.
Péf l =17 A=k-2
1A : :
IA Un Fn

@ By summing the rows of (a) — A- (b) + (c) we get

Ui—a — (A2 = 21)U; + Uiro = Fi_1 + AF; 4+ Fiy1

The matrix (A? — 2/) is already 5-diagonal and with further iterations the filling increases
It can be factorized (A% — 2/) = (A — v21)(A+V/2I)
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Detour - eigenvalues of the matrix K

Analogously to the continuous case in 1D

The boundary conditions satisfied by: zx(p) = sm(,{’,’fl)

Verify the eigenvectors and obtain the eigenvalues by substituting into the difference
relation:

zi(p — 1) — 2z4(p) + zx(p + 1) = sin(£5T) [QCOS(NH) _2}

@ Then the eigenvalues

°
@ 0 Dirichlet b.c.: the eigenfunctions are sin
°
°

Ak = 2cos(,\fjrrl) 2

. pk
z(p) = \/ w1 sin(R5T)

Normalized eigenvectors
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N
Extension to 2D

a11B -+ ainB
Kronecker product A® B = [ : ]

a,.,-lB ani,B
The matrix of 2nd derivatives in 2D (on a square) can be written as Kopp = K Q@ | + 1 @ K

Then the eigenvalues

Eigenvectors
z(p; q) = zk(p)z(q)
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Fourier transform method |

In the continuous case:
k) = [ f(x)e 2mxdx,  9E 5 omikf(k)

@ Poisson eq.:

a2 4 kg = L
T (ki + ky)o -

Does it work in the discrete case? DFT

@ The potential can be expanded into a Fourier series:

1<~ o
_ = pk/N
0= gy 2 e

o Especially for 0 Dirichlet's b.c. DST can be used:

O = NJrlz(bkSln (#1)
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Fourier transform method 1l

@ DST in vector notation using DST basis vectors:

N
o= m Z¢k5k v Skp = Sin(/\)/Lfl)

@ We see that the basis functions of DST s, are identical to the eigenvectors )\ of the
corresponding second derivative matrix K. Therefore:

2 2
Ko = M;WKSk = M;@)\ksk

@ The Fourier transform of the matrix K is the eigenvalue matrix A
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Fourier transform method Il|

@ The Fourier transform of the matrix K is the eigenvalue matrix A
@ The discrete Poisson equation can be transformed:
FT L g A~
Kop=F — Kop=F — Np=F

@ The inversion of A is trivial and we obtain a solution in k-space

bi = ﬁk/[2cos(,\;‘—f) -2
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Fourier transform method IV

@ The computational complexity corresponds to that of the FFT: O(N log(N))

o Easy generalization to 2D and 3D
@ This is a special case of the spectral method
e Transforming the system into a basis of eigenvectors—generally slow, but FFT is fast
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|
FACR

Fourier transform can be combined with cyclic reduction
| steps of cyclic reduction followed by FT — FACR method(/)
In 1D the reduced system has the same structure — simple

In 2D, e.g. after one iteration, the equation for x is a lattice row
Ui—a — (A2 = 21)U; + Uiyp = F!

The matrix L = (A% — 2/) has a diagonal FT — can be converted to

Uia = LU+ U2 = F

It is an independent tridiagonal system for each frequency in the direction y

Fast solution by Thomas algorithm
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FACR(*)

@ There is an ideal choice of the number of iterations of CR — minimizing the number of
operations

@ Approximately r ~ log, log, n
@ Number of operations

4.5Ng log, logy Ng
e FACR notation(*)
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Multigrids — convergence of the Jacobi method

Jacobi method problem — slow convergence. For example in 1D:

@ Preconditioner — diagonal matrix P = —2/
e Iteration matrix M = P~}(P - K) =1 + K/2
@ Reminder — eigenvalues K: A\ (K) = 2cos(Nk—j_r1) -2

@ Eigenvalue of the iteration matrix
M(M) = cos(575)

@ Low-frequency, but also high-frequency errors converge slowly
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|
Multigrids — smoothing

@ Smoothing - smoothed Jacobi (SJ),
M=I-wDlK=1+wK/2, 0<w<l
e Eigenvalue (SJ) (figure)

(M) =1 —I—(,ucos(,vk—j:1 —w

@ For the usual choice w = 2/3, the smoothing factor 1/3

i1 _ Pt OOl K
¢ = +
3 3eg

e High-quality smoothing prevents aliasing (!)
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|
Multigrids — principle

@ Convergence can be accelerated by switching to a coarser grid

o High-frequency errors are smoothed on a fine grid
o Low-frequency errors are removed on a coarse grid

@ Transitions using restriction R and prolongation P
e Hierarchy grids, sampling h, 2h, 4h, ...
Example in 1D
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|
Multigrids — v-cycle

Procedure for solving the system Au= b
© Several iterations of smoothing (against aliasing)
@ Restriction of the residual r, = b — Auy, to the grid 2h according to ryy, = R,%hrh
© Calculation of the error in the potential AypEyp, = rap (direct or iterative)

@ Prolongation Ej, = Pé’hE2h and correction of the potential vy — up + Ep
Thanks to smoothing, the error has only low freq. components — prolongation works

© Smoothing

Reduced matrix
Aoy = R2hALPH
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|
Multigrids

More complex cycles - V-cycle, W-cycle, FMG

Working with corrections E instead of potential u
Error reduction can be shown in one iteration ~ 1/10

e Independent of grid size
e lIterations on coarse grids are cheap
o Difficulty O(N) to achieve a given error

An important part of MG is the direct solver on a coarse grid

Applicable for general operators and arbitrary geometries
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Methods for sparse matrices

@ General matrix methods

@ Suitable as a direct solver for multigrids (also handles general geometries and equation
types)

@ Minimum degree algorithms - search for a permutation A such that the number of
non-zero elements below the diagonal is minimal

UMFPACK library
@ Transforms a matrix A = PRAQ, P, Q: permutation matrix, R: diagonal scaling matrix

@ Minimizes the number of nonzero elements in LU = A’
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|
UMFPACK library

Solution procedure
@ Matrix structure analysis, P, R, Q
@ Decomposition calculation LU
© Equation solution Ax = b — fast
Data structures — row-indexed storage (Yale format)
@ Ax: values of nonzero elements
@ Ai: row indices i

@ Ap[j]: number of nonzero elements in the first j rows — index of the jth row in arrays Ax,
Ai
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|
UMFPACK library
Example of 2D Poisson equation in UMFPACK

1 = 0;
Ap [0] 0;
for (i=0; i<param.x_sampl; i++) //row number
for(j=0; j<param.z_sampl; j++) //column number
{
k = j + param.z_samplx*i;
if (grid.mask[i][j]1==FIXED || grid.mask[i][j]==FIXED_RF)
// electrodes and edges
{
Ax[1]1 =
Ai[1] =
Ap [k+1]
1++;
}
otherwise
{
Ax[1] = Ax[1+1] = Ax[1+3] = Ax[1+4] = 1.0;
Ax [1+2] -4;
Ai[1] = k-param.z_sample;
Ai[1+1] = k-1;
Ai[1+2] = k;
Ai[1+3] k+1;
Ai[1+4] = k+param.z_sample;
Ap[k+1] = Ap[k]+5;
1 += 5;
}
}
(void) umfpack_di_symbolic (n, n, Ap, Ai, Ax, &Symbolic, NULL, NULL) ;
(void) umfpack_di_numeric (Ap, Ai, Ax, Symbolic, &Numeric, NULL, NULL) ;
umfpack_di_free_symbolic (&Symbolic) ;

13
k;
= Ap[k]l+1;

[l
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